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Abstract
Generalizing our results in exact description of multifractal spectrum of the whole-plane
SLE, we consider a class of radial Levy-Loewner evolutions and compute exactly sets
of points in their average means beta-spectrum.
1 Introduction
We start with a simple introduction to radial Levy-Loewner evolution (a good introduction to the
chordal LLE can be found in [17], [18], for a quick introduction to Levy processes see e.g. [1] and
references therein).
Let us consider iterative conformal mappings z = Fn(w) from the exterior of the unit disc in the
w-plane to the exterior of a bounded, simply connected domain in the z-plane: The nth mapping
is a composition of n elementary “spike” mappings z = fi(w, δti), i = 1..n
Fn(w) = Fn−1(fn(w, δtn)), F0(w) = w, (1)
where
fn(w, t) = e
ıϕnh
(
e−ıϕnw, t
)
, h(w, t) = et(w + 1)
w + 1 +
√
(w + 1)2 − 4e−tw
2w
− 1 (2)
The elementary mapping z = fn(w, δtn) attaches a radial “spike” of the length
√
δtn (1 +O(δtn))
located at the angle ϕn to unit disc: Here, the point w = e
ıϕn on the unit circle in the w-plane is
mapped to the tip of the spike in the z-plane (see Figure 1).
The mapping z = h(w, t) that attaches a spike to the disc at ϕ = 0 satisfies the simplest
Loewner equation ∂h(w,t)∂t = w
∂h(w,t)
∂w
w+1
w−1 and as a consequence
∂fn(w, t)
∂t
= w
∂fn(w, t)
∂w
w + eıϕn
w − eıϕn , fn(w, 0) = w.
This equation is invariant wrt any conformal transformation fn(w, t)→ F (fn(w, t)) and therefore
an iterative compound mapping Fn in (1) can be represented as a solution of the Loewner equation
at time t =
∑n
i=1 δti:
Fn(w) = F
(
w,
n∑
i=1
δti
)
, F (w, 0) = w,
∂F (w, t)
∂t
= w
∂F (w, t)
∂w
w + eıL(t)
w − eıL(t) (3)
where L(t) is the piecewise constant function
L(t) = ϕi,
i−1∑
j=1
δtj < t <
i∑
j=1
δtj
One can consider continuous-time Loewner evolutions as limits of the above iterative processes
when n → ∞ and δtn → 0. The iterative picture will be useful for the simplest derivation of
1
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n
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Figure 1: The elementary mapping z = fn(w, δtn) (left) and the compound iterative mapping z = Fn(w)
(right) from exterior of unit circle in w-plane to exterior of a simply connected domain in z-plane.
linear integro-differential equation for moments of derivatives of conformal mappings for the Levy-
Loewner evolution by the method proposed by M. Hastings [10].
We are interested in the case when L(t) is a stochastic process without drift. Without loss of
generality we set
L(0) = 0, 〈L(t)〉 = 0, (4)
where 〈〉 denote expectation (ensemble average).
When a stochastic process L(t) is continuous in time, the conformal mapping z = F (w, t)
describes growth of a random continuous curve Γ = Γ(t) starting from a point on a unit circle
|z| = 1 at t = 0. On the other hand, when L(t) is discontinuous in time, the growth branches in
the z-plane.
If one requires that the Loewner evolution (3) is a conformally invariant Markovian process,
in the sense that the time evolution is consistent with composition of conformal maps 1, then the
necessary condition for such an evolution is that L(t) must have independent stationary increments,
i.e. L(t) is a Markovian process with the probability distribution of L(t+ τ)−L(t) depending only
on τ . Among such processes there is a class of Levy processes considered in the present paper.
The only continuous (modulo uniform drift) process of Levy type is the Brownian motion
L(t) = B(t) (5)
The Brownian motion is characterized by a single parameter - “temperature” κ :
〈(B(t + τ)−B(t))2〉 = κ|τ |. (6)
Stochastic Loewner evolution driven by Brownian motion is called Schramm-Loewner Evolution
(SLE, or SLEκ). Since it describes non-branching planar stochastic curves with conformally-
invariant probability distribution, SLE is a useful tool for description of boundaries of critical
clusters in two-dimensional equilibrium statistical mechanics. In this picture, different κ correspond
to different classes of models of statistical mechanics (a good introduction to SLE for physicists
can be found e.g. in [3], [8] as well as mathematical reviews can be found e.g. in [12], [13]).
By now, SLE is well studied with many exact results obtained. In particular, SLE is the only
non-trivial example where the multi-fractal spectrum as well as related β-spectrum of the curve is
described exactly.
In this article we would like to present new results in study of multi-fractal spectrum of
SLE/LLE. Mainly, these results concern the “unbounded” version of the whole-plane LLE/SLE,
1which implies that the probability distribution of z = F−1 (F (w, t+ τ), t) coincides with that of z = F (w, τ),
where w = F−1(z, t) is an inverse of z = F (w, t)
2
where we exactly determine points of integral means β-spectra for certain classes of Levy processes.
The studies of such processes were initiated by B.Duplantier et al in [5]. In our previous works
[14], [15] we proposed an effective approach to the problem based on derivation of exact solutions
of equations for moments of derivatives of conformal mappings.
The β-spectrum is a Legendre transform of the dimension spectrum that quantitatively de-
scribes subsets of the domain boundary where certain scaling laws apply (see Appendix 1) 2 to
derivatives of conformal mappings F ′(w) along the boundary. The integral means β(q)-spectrum
of the domain is defined through the qth moment of derivative at the unit circle (i.e. at |w| → 1)
as follows
β(q) = limǫ→0+
log
∫ 2π
0
〈|F ′ (eǫ+ıϕ)|q〉dϕ
− log ǫ (7)
This spectrum can be written down explicitly for the whole-plane SLE and several points of the
spectrum can be found for certain types of the whole-plane LLE.
Studies of exact multi-fractal properties for the ”bounded” (see below) version of the whole-
plane SLE has been performed in [2]. The Loewner evolution driven by different Levy processes
and analysis of their spectra were performed by several authors. For example, they appear in [11]
for the case of ”bounded” radial LE driven by compound Poisson process and in [4] the chordal
LE is studied for symmetric α-stable processes. In both cases spectra are trivial.
The “bounded” whole-plane LLE is a properly scaled infinite-time limit of the radial LLE
F(w, t) = lim
T→∞
e−TF (w, T + t), (8)
which describes growth of stochastic curve out of the point of origin in the plane. Obviously,
F(w, t) also satisfies the radial Loewner equation(3) with time running from t = −∞ to t =∞.
The “unbounded” version of the whole-plane LLE is an inversion F(w, t)→ 1/F(1/w, t) of the
bounded version. Obviously, this mapping from the unit disc in the w-plane to the complement of
stochastic curve which grows from infinity towards the origin in the z-plane satisfies the Loewner
equation (3). It has been studied mainly due to its relationship with the problem of Bieberbach
coefficients of conformal mappings for such processes [5], [14]: Expectations of the squares of the
Bieberbach coefficients as well as two non-trivial points of the β-spectrum have been conjectured
for two special examples of unbounded whole-plane LLEs in [5]. The proof of this conjecture has
first been proposed by one of the authors in [14] for the first example and partially for the second
one. In this article we complete the proof of this conjecture.
Note that the partial (and unsuccessful) proof of the second case has been attempted in [6].
This proof is written for Levy processes whose first N characteristic coefficients coincide with those
of Brownian motion. Proof of non-trivial cases involves N > 1. Unfortunately, on the circle 3, the
Levy processes possessing such a property for N > 1 and that are different from the Brownian
motion do not exist.
In the sequel we also sketch a derivation of the full β(q) spectrum
β(q) = limǫ→0+
log
∫ 2π
0
〈|F ′ (e−ǫ+ıϕ)|q〉dϕ
− log ǫ (9)
for the “unbounded” whole plane SLE.
It is important to note that study of the unbounded version of the whole-plane SLE turns out
to be useful not only in relation with the coefficient problem, but also for complete derivation of the
version-independent multi-fractal spectrum of the bulk of SLE: The attempt of rigorous derivation
the bulk spectrum (by D. Belyaev and S. Smirnov [2]) based on the bounded version only happens
to be incomplete (see e.g. Appendix of [16]).
2 Equation for Moments of Derivative
Let us consider “exterior” radial LLE, i.e. mapping from exterior of the unit disc in the w-plane
to the exterior of the simply-connected domain in the z-plane (as shown in Figure 1). As has been
2For further introduction to multi-fractal analysis see e.g. [2], [9], [10], [19] and references therein
3This is different from the case on line, where e.g. addition of special 2piZ jumps [6] could extend processes with
the required properties to non-Brownian motion. Since we are considering the radial evolution, a combination of
Brownian motion with the 2piZ ”jumps” is still a circular Brownian motion (see also section 4)
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mentioned above the bounded version of the whole-plane LLE is the properly scaled infinite-time
limit of this process. So, let us call the bounded version as the “exterior problem”.
The derivation for the unbounded version, which is referred as the “interior problem” is similar.
To find β(q)-spectrum (7) one needs to estimate moments of derivative 〈|F ′ (w, t)|q〉.
It is now convenient to change the variable w to eıL(t)w and consider the mapping
F˜ (w, t) = F
(
eıL(t)w, t
)
for which the point w = 1 is the pre-image of the growing tip of the curve. Obviously,
β(q) = lim
ǫ→0
log
∫ 2π
0
ρ˜ (eǫ+ıϕ, eǫ−ıϕ; t|q) , dϕ
− log ǫ ,
where
ρ˜(w, w¯; t|q) = 〈
∣∣∣F˜ ′ (w, t)∣∣∣q〉. (10)
It turns out that the moments ρ˜(w, w¯; t|q) satisfy an integral linear equation. The simplest deriva-
tion of such equation uses M. Hasting’s iterative approach [10], [14]: In iterative picture (1) we
consider the mappings
F˜n(w) = F˜n−1
(
eı(ϕn−ϕn−1)h(w, δtn)
)
.
By the chain rule ∣∣∣F˜ ′n(w)∣∣∣q = ∣∣∣F˜ ′n−1 (eı(ϕn−ϕn−1)h(w, δtn))∣∣∣q |h′(w, δtn)|q .
Taking expectations of the both sides of the above equation, with the account of (10), we get
ρ˜(w, w¯, tn−1 + δtn) = |h′(w, δtn)|q
∫ 2π
0
dϕP (ϕ, δtn)ρ˜
(
eıϕh(w, δtn), e
−ıϕh¯(w¯, δtn), tn−1
)
,
where P (ϕ, t) is the probability density that L(t) = ϕ under condition that L(0) = 0.
Taking into account that for small δt
h(w, δt) = w + w
w + 1
w − 1δt,
in the first order in δt we obtain
ρ˜(w, w¯, t+ δt) =
(
1 + δt
(
w
w + 1
w − 1∂w + w¯
w¯ + 1
w¯ − 1∂w¯−
− q
(w − 1)2 −
q
(w¯ − 1)2 + q
))∫ 2π
0
P (ϕ, δt)ρ˜
(
eıϕw, e−ıϕw¯, t
)
dϕ,
so, in the δt→ 0 limit we arrive at the equation for ρ˜
∂tρ˜ =
(
−ηˆ + ww + 1
w − 1∂w + w¯
w¯ + 1
w¯ − 1∂w¯ −
q
(w − 1)2 −
q
(w¯ − 1)2 + q
)
ρ˜. (11)
Here the operator ηˆ acts on functions of w, w¯ as follows
ηˆ[ρ](w, w¯) = lim
t→0
1
t
∫ 2π
0
(
ρ(w, w¯)− ρ (eıϕw, e−ıϕw¯))P (ϕ, t)dϕ.
We consider only the processes for which the above limit exists. On the unit circle, these Levy
processes are defined by their characteristic exponents ηm
4
e−tηm = 〈eimL(t)〉 =
∫ 2π
0
eimϕP (ϕ, t)dϕ
4Since L(t) is Markovian and L(t + τ) − L(t) depends only on τ ,
〈
eiuL(t+τ)
〉
=
〈
eiuL(t)
〉 〈
eiu(L(t+τ)−L(t))
〉
=〈
eiuL(t)
〉 〈
eiuL(τ)
〉
, and therefore
〈
eiuL(t)
〉
must have an exponential form
〈
eiuL(t)
〉
= e−tη(u)
4
(i.e. e−tηm is the Fourier transform of the probability distribution of L(t)).
According to the above definitions, the operator ηˆ acts diagonally on the basis of two-dimensional
Taylor/Laurent expansions wnw¯m, n,m ∈ Z
ηˆ[wnw¯m] = ηn−mw
nw¯m. (12)
Since we consider processes without drift, the characteristic exponents are real and symmetric
ηm = η¯m, ηm = η−m, η0 = 0.
In the case of Brownian motion (6), P (ϕ, t) is a fundamental solution of the heat equation on the
circle and
ηm =
κm2
2
, ηˆ =
κ
2
(w∂w − w¯∂w¯)2 , (13)
i.e. equation (11) becomes the second order linear PDE.
3 The Whole Plane LLE
Equation (11) simplifies in the case of the whole plane LLE which is a properly scaled infinite-time
limit of the radial LLE (8).
Consider now the Laurent expansion of F˜(w, t) = F (eıL(t)w, t) at w =∞
F˜(w, t) = et+ıL(t)
(
w +
∞∑
i=0
Φi(t)w
−i
)
According to the above equation and (10)
ρ˜ = eqt〈
∣∣∣∣∣1−
∞∑
i=1
iΦiw
−i−1
∣∣∣∣∣
q
〉 = eqtρ, ρ =
∞∑
i=−1,j=−1
ρi,j
wi+1w¯j+1
, ρ−1,−1 = 1 (14)
By existence of limit (8), the probability distribution of e−t−ıL(t)F˜(w, t) = w +∑∞i=0 Φi(t)w−i
is time-independent 5. So, in the case of the whole plane LLE, the function ρ = e−qtρ˜ =
〈∣∣1−∑∞i=1 iΦiw−i−1∣∣q〉 does not depend on time and
∂ρ˜
∂t
= qρ˜.
Therefore, for the whole-plane LLE, equation (11) becomes
Lρ = qρ (15)
L = −ηˆ + ww + 1
w − 1∂w + w¯
w¯ + 1
w¯ − 1∂w¯ −
q
(w − 1)2 −
q
(w¯ − 1)2 + q (16)
To find moments of derivatives we have to look for a non-vanishing and analytic at w =∞ solution
of the above equation. Note that such a solution is (up to a constant factor) unique.
Indeed, by analyticity of conformal mapping at w = ∞, the function ρ(w, w¯) is analytic at
infinity and ρ(∞) = 1. Then substituting the expansion (14) into (15) we get the nine-term
“two-dimensional” recurrence relation for the expansion coefficients ρij
2∑
l=0
2∑
m=0
Clmij ρi−l,j−m = 0 (17)
with the following boundary conditions (see (14))
ρ−1,−1 = 1, ρi,j<−1 = ρj<−1,i = 0
5For details on existence of this infinite-time limit see Section 4.3 of [14] or Section 1.2 of [2]
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and the recurrent coefficients (note the symmetry Clmij = C
ml
ji )
C0,0i,j = −ηi−j − i− j − 2, C1,1i,j = −4ηi−j , C2,2i,j = −ηi−j + i+ j − 2− 2q,
C0,1i,j = 2 (ηi−j+1 + i+ 1) , C
0,2
i,j = −ηi−j+2 + j − i− 2− q, C1,2i,j = 2 (ηi−j+1 − j + 1 + q) .
Any element ρkn can be found in a consecutive manner starting from (i, j) = (−1,−1) and going
along the “row” up to j = n and repeating this procedure for consecutive rows up to i = k by
expressing ρij as a linear combination of 8 elements: ρi−l,j−m, l ∈ {0, 1, 2},m ∈ {0, 1, 2}, (l,m) 6=
(0, 0). This fixes ρ(w, w¯) uniquely. Therefore, once an analytic and non-vanishing at w = ∞
solution of (15) is found, it will correspond to the moments of derivatives.
Recall that in the exterior problem (i.e. bounded whole-plane LLE) considered above, the
curve grows from the origin towards infinity. In the interior problem (i.e. unbounded whole-plane
LLE), curve grows from the infinity towards the origin. Both versions are related by the inversion
F(w, t) → 1/F(1/w, t). Obviously, the unbounded mapping satisfies the same Loewner equation
(3), but now F maps the interior of the unit disc to the complement of the unbounded curve in
the plane
F(w, t) = e−t
(
w +
∞∑
i=2
Fi(t)wi
)
, |w| < 1
By analogy with the exterior problem, the moments of derivatives
ρ˜ = 〈|F ′(eiL(t)w, t)|q〉
depend on time only through the exponential scaling, i.e. (note the difference in the exponent sign
in comparison with (14))
ρ˜ = e−qtρ,
where
ρ(w, w¯; q) =
∞∑
i=1,j=1
ρijw
i−1w¯j−1, ρ1,1 = 1 (18)
is time-independent.
Similarly to the exterior problem, ρ(w, w¯; q) satisfies an integral equation which now writes as
follows
Lρ = −qρ, (19)
where L is given by (16). An analytic and non-vanishing at w = 0 solution of (19) corresponds
now to the moments of derivatives of the interior problem.
The expansion coefficients of the interior problem ρij (see Eq.(18)) satisfy the recurrence relation
of the type (17) with the following boundary conditions
ρ11 = 1, ρi<0,j = ρi,j<0 = 0
and recurrence coefficients (Clmij = C
ml
ji )
C0,0i,j = −ηi−j − i− j + 2, C1,1i,j = −4(ηi−j − 2q), C2,2i,j = −ηi−j + i + j − 6 + 2q,
C0,1i,j = 2 (ηi−j+1 + i− 1− q) , C0,2i,j = −ηi−j+2 + j − i− 2 + q, C1,2i,j = 2 (ηi−j+1 + 3− j − 2q)
4 Universal Points, q = 2
It has been observed by B. Duplantier et al in [5] that in the interior problem ρii = i
2, β = 3,
when q = 2 and the evolution is driven by any symmetric Levy process with η1 = 3. The second
observation consists in that for q = 2 and evolution driven by any symmetric process with η1 = 1
one has ρii = i
3, β = 4.
The first observation has been proved in [14] using the coincidence of SLE and LLE solutions of
Eq. (19) when q = 2 and η1 = 3. The SLE sub-case of the second observation has been also proved
in [14]. Below we present the complete proof of conjectures by B. Duplantier et al containing both
6
cases 6:
Theorem: Let us take the interior whole plane Loewner evolution and fix q = 2, then:
1. For evolution driven by a symmetric Levy processes with η1 = 3
ρii = i
2, β(2) = 3
2. For processes with η1 = 1
ρii = i
3, β(2) = 4
Proof:
Representing ρ(w, w¯) in the form
ρ(w, w¯) = (1− w)(1 − w¯)Θ(w, w¯) (20)
from (19) with q = 2 we get
− ηˆ[(1−w)(1− w¯)Θ] + (w+1)(w¯− 1)w∂Θ
∂w
+ (w¯+1)(w− 1)w¯ ∂Θ
∂w¯
+3(2ww¯−w− w¯)Θ = 0 (21)
where Θ is the series
Θ = θ0(ξ) +
∞∑
i=1
(
wi + ξiw−i
)
θi(ξ), ξ = ww¯ (22)
Substituting it into (21) we will get a three-term differential recurrence relation for θi(ξ).
Indeed, making the change of variable w¯ = ξ/w, then taking into account the facts that,
according to (12), operator ηˆ commutes with ξ = ww¯ and that ηˆ[wi] = ηiw
i, after substitution of
series (22) into (21) we will get a series in w with coefficients depending on ξ. Coefficients of wi
define the following three-term differential recurrence relations
2ξ(ξ−1)θ′i(ξ)−(ηi + i+ (ηi − i− 6)ξ) θi(ξ)+ξ(ηi+i−2)θi+1(ξ)+(ηi−i−2)θi−1(ξ) = 0, θ−i(ξ) = ξiθi(ξ)
(23)
It is easy to see that this recurrence relation truncates at i = N , i.e. θi = 0 for i ≥ N , when
ηN = N + 2 for some N .
The simplest truncation happens when N = 1, i.e. when η1 = 3, which corresponds to the case
1) of the Theorem. In this case only θ0 does not vanish identically and due to (23)
(ξ − 1)θ′0(ξ) + 3θ0(ξ) = 0
Therefore θ0(ξ) = 1/(1− ξ3), and ρ(w, w¯) = (1 − w)(1 − w¯)/(1 − ww¯)3. Then using definitions of
ρi,j and β(q) (see Eqs. (18) and (9) respectively) we prove the case 1) of the Theorem.
Let us now consider the case 2) of the Theorem, i.e. q = 2, η1 = 1. Now the truncation of
the recurrence relation does not take place. However, it turns out that in this case, two equations
defining functions θ0(ξ) and θ1(ξ) do not involve others θi(x), i 6= 0, 1.
In the case 2) of the Theorem equations for i = 0 and i = 1 take the form
(ξ − 1)θ′0(ξ) + 3θ0(ξ) − 2θ1(ξ) = 0, ξ(ξ − 1)θ′1(ξ) + (3ξ − 1)θ1(ξ)− θ0(ξ) = 0
Since function ρ is analytic at w = 0, as well as ρ(w = 0) = 1, we have to look for a solution of the
above system of two ODEs, such that θ0(0) = 1 and θ1(ξ) is finite at ξ = 0. With these conditions
we get
θ0 =
1 + ξ
(1− ξ)4 , θ1 = −
1
(1− ξ)4
Again, taking definitions of ρi,j and β(q) into account we prove the case 2) of the Theorem.
6 The proof of sub-case of the second observation with η1 = 1, η2 = 4 has been also presented in [6]. Unfortunately,
it has been unnoticed by authors of [6] that, in contrast with the Levy processes on line, such symmetric Levy
processes on circle (i.e. L(t) modulo 2piZ) different from the Brownian motion do not exist. This fact follows from
elementary analysis of Levy-Khinchin formula for characteristic exponents on circle
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5 β(q)-Spectrum of the Interior Whole-Plane SLE
We recall that in the case (5), (6), when the driving Levy process is the Brownian motion, the
Loewner evolution represents the growth of a continuous curve (SLE-curve). In the interior whole-
plane SLE the curve has two exceptional singular points: One of them is the moving tip ot the
curve, and the second is an immovable ”tip” at infinity. Equations for moments of derivatives (19),
or (15) takes form of the parabolic PDE of the second order with
L = −κ
2
(w∂w − w¯∂w¯)2 + ww + 1
w − 1∂w + w¯
w¯ + 1
w¯ − 1∂w¯ −
q
(w − 1)2 −
q
(w¯ − 1)2 + q (24)
The β-spectrum of the curve is so far determined by combination of two methods: For q which is
smaller than the critical value q < Q(κ), where
Q(κ) =
κ2 + 8κ+ 12− 2√2κ2 + 16κ+ 36
16κ
, (25)
the blow-up rates of any positive solution of equation (19, 24) turn out to depend only on singularity
of solution in vicinity of the moving tip of the curve, i.e. at w = 1: Near the moving tip, ǫ → 0,
w = 1 + ıǫζ, w¯ = 1− ıǫζ¯, the equation (19, 24) reduces to(
−κ
2
(
∂
∂ζ
+
∂
∂ζ¯
)2
+
2
ζ
∂
∂ζ
+
2
ζ¯
∂
∂ζ¯
− q
(
1
ζ2
+
1
ζ¯2
))
ρ(ζ, ζ¯) = 0,
The latter has a solution of the form
ρ = (ζ − ζ¯)−κγ2/2(ζζ¯)γ
where
γ(q, κ) =
κ+ 4−
√
(κ+ 4)2 − 8qκ
2κ
(26)
A part of the β-spectrum is then determined by the blow-up rates of such a solution, i.e. by
exponents γ and −κγ2/2.
This property of positive solutions has been used by D.Belyaev and S.Smirnov in [2] for the
rigorous calculation of the part of the β-spectrum of the exterior whole-plane SLE 7. Their approach
relies on maximum principle for parabolic PDE. In the case of the interior problem it works only
for q < Q(κ). Therefore, for bigger values of q one has to use different methods. A method based
on exact solutions of (19, 24) has been proposed by us in [15, 16].
In more details: Representing an analytic at w = 0 solution of (19, 24) in the form
ρ(w, w¯) = ((1− w) (1− w¯))γ Θ(w, w¯), q = 2γ + 1
2
κγ − 1
2
κγ2, (27)
where γ is given by (26) and function Θ has the following expansion around w = 0
Θ =
∑
n∈Z
wnfn(ξ), ξ := ww¯, f−n(ξ) = ξ
nfn(ξ), f¯n = fn (28)
we come to the following three-term differential recurrent relation for fn(ξ):
ξAn+1fn+1 +A−n+1fn−1 + (Bn + (1− ξ)Cn) fn + 2ξ(ξ − 1)dfn
dξ
= 0, (29)
with
An =
κ
2
(n− γ)2 + n− 3γ − κ
2
γ(1− γ),
Bn = −κ(n2 + γ2 − γ) + 6γ, Cn = κn
2 − 2γ + 2γ2
2
− n− 6γ.
7The idea of using a PDE for moments of derivatives and singularities of its solution to determine multi-fractal
spectrum of SLE first appeared in work by M. Hastings [10]
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It follows from the recurrence relation (29) that expansion (28) truncates at |n| = M (i.e. fn = 0,
for |n| > M) if A−M = 0. This truncation condition determines a countable number of curves in
the parametric (q, κ)-plane:
κ = 2
M + 3γ
M2 + 2Mγ + 2γ2 − γ , q =
γ(M + γ)(2M + 1 + γ)
M2 + 2Mγ + 2γ2 − γ (30)
Along these curves, relations (29) transform into a system of M + 1 first order linear ODEs for
f0, . . . , fM (remember that f−n(ξ) = ξ
nfn(ξ)). The blow-up rates of solution of PDE (19, 24) at
the unit circle ξ = 1 are determined by asymptotic of fn(ξ) at ξ → 1. In this asymptotic the
analysis of system of ODEs is effectively reduced to analysis of eigenvalues of 2M + 1 × 2M + 1
three-diagonal matrix. The blow-up rates then give the following β(q) spectrum along the set of
curves (30) (see [15, 16]):
β =


κγ
2
2 − 2γ − 1, q ≤ −1− 3κ8
κγ
2
2 , −1− 3κ8 ≤ q ≤ Q(κ)
3q − 12 − 12
√
1 + 2qκ, q ≥ Q(κ)
(31)
where γ = γ(q, κ) and Q(κ) are given by (26) and (25) respectively.
6 Exterior Problem and Spectrum of the bulk of SLE
The similar picture takes place in the case of the exterior problem. The approach (by D. Belyaev
and S.Smirnov in [2]) based on analysis of singularities at w = 1 and maximum principle for
parabolic PDE (15, 24) works for q > Q+(κ), where
Q+(κ) = −(κ+ 4)2(κ+ 8)/128
(for details see Appendix of [16]).
Our method of derivation of the β-spectrum of the exterior problem for q ≤ Q+(κ) relies on
exact solutions of PDE for moments of derivative along the countable number of curves in the
parametric (q, κ)-plane [16]: By analogy with the interior problem one seeks for a solution of PDE
(15, 24) that is now analytic at w =∞
ρ =
(
(1 − w−1)(1 − w¯−1))γ Θ
with Θ being a Fourier polynomial of the Mth degree
Θ(w, w¯) =
M∑
n=−M
w−nfn (ξ) , ξ = 1/(ww¯), f−n(ξ) = ξ
nfn(ξ), f¯n = fn
The polynomiality (i.e. truncation) condition determines countable number of curves in the para-
metric (q, κ)-plane:
κ = 2
M − γ
M2 + 2Mγ + γ
, q =
γ(M + γ)(2M + 1 + γ)
M2 + 2Mγ + γ
,
Again, along these curves, the derivation of the β-spectrum reduces to analysis of eigenvalues of
three-diagonal 2M+1×2M+1 matrix [16]. In this version of SLE the β-spectrum has the following
form
β =


κγ(q,κ)
2
2 − 2γ(q, κ)− 1, q ≤ −1− 3κ8
κγ(q,κ)
2
2 , −1− 3κ8 ≤ q ≤ 3(κ+4)
2
32κ
q − (κ+4)216κ , q ≥ 3(κ+4)
2
32κ
Note, that in difference from the interior problem, in this version of SLE the transition in the
spectrum does not take place at q = Q+(κ). Despite of existence of a transition in blow-up rates
of solutions at the unit circle |w| = 1 far from the moving tip w = 1, the average β-spectrum is
still determined by behavior of solution at w → 1.
However, this transition in blow-up rates leads to complications in derivation of the bulk spec-
trum of SLE. In more details: The bulk spectrum is independent of version of SLE and defined for
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generic points of the curve away from the tip. For the finite-time radial evolution it is determined
through the integration away from the tip w = 1:
βbulk(q) = limǫ→0+
log
∫ 2π−δ
δ 〈
∣∣∣F˜ ′ (w = eǫ+ıϕ)∣∣∣q〉dϕ
− log ǫ (32)
On the other hand, in contrast to the finite-time evolution the exterior whole-plane SLE has two
tips : one moving tip at as well as the origin of the curve 8. The conformal mapping has additional
singularity at the origin of the curve, that gives own contribution to the integral. An effect of this
contribution results in the above mentioned transition in the blow-up rates away from ϕ = 0 at
q = Q+(κ) (for details see Appendix of [16]). Therefore, definition (32) is not suitable for all values
of q in the case of the whole-plane SLE 9.
Thus, to complete the derivation of the bulk spectrum one should consider the blow-up rates
away from ϕ = 0 for both versions of the whole plane SLE: the exterior version for q ≥ 0 and the
interior version for q ≤ 0. The Legendre transform of so derived bulk spectrum corresponds to the
multi-fractal harmonic spectrum predicted from quantum gravity by B.Duplantier [7].
7 Conclusion
In summary: From elementary consideration it follows that any analytic and non-vanishing at w =
∞/w = 0 solution of the equation for moments (15)/(19) is unique (up to a constant factor) and,
therefore, provides a point in the β-spectrum of the exterior/interior whole plane LLE, respectively.
The analysis of exact solutions with such properties allows to compute exactly sets of points of
average β-spectrum for a Loewner evolution driven by certain classes of Levy processes, as well as
find complete tip and bulk β-spectra of the whole-plane SLE.
Appendix 1: Harmonic measure and multifractal spectra
In this Appendix we briefly recall the connections between different spectra characterizing
possibly fractal sets.
We start with the definition of f(α)-spectrum: Suppose that some measure is defined on our
curve (this can be electric flux, probability, mass, magnetization etc). Then dividing the space
into boxes of size l, we look for the distribution of scalings of the measure wrt change of l inside
the boxes containing the curve.
For instance, consider the harmonic measure of a planar curve at the point z = F (w), which is
proportional to the probability 10 of a random walker released from infinity to hit the curve at z.
For the curve covered with N boxes of size l, we denote the probability of hitting the curve at the
i-th box by pi.
Then as l→ 0
N∑
i=1
pqi ≍
∫
l−f(α)lqαdα (33)
i.e. the number of boxes for which probability scales as lα with the change of l is proportional to
l−f(α).
The f(α)-spectrum is related to observable properties of the measure through a Legendre
transform. These properties are expressed through the τ(q)-spectrum 11
N∑
i=1
pqi ≍ lτ(q)
8An immovable tip at the origin z = 0 in the exterior problem corresponds to ”tip” at z = ∞ of the interior
problem
9 The simplest example illustrating the above statement is the whole plane SLE at κ=0: The mapping in this
case is F(w, t) = et(w + 1)2/w. Integration out of the moving tip w = 1 does not allow to get rid of contribution
at the origin w = −1 and as a consequence so defined ”bulk spectrum” does not differ from the tip spectrum for all
values of q.
10Which is, in turn, inversely proportional to |F ′(w)|
11It is easy to see that −τ(0) is the Hausdorff dimension of the curve. Another common definition is general-
ized dimension D(q) = τ(q)/(q − 1) with D(0), D(1) and D(2) being the Hausdorff, information and correlation
dimensions respectively.
10
As l → 0, the integral in (33) will be dominated by value of α which makes qα− f(α) smallest and
it follows that
τ(q) = inf
α
[qα− f(α)] .
Now we recall how to relate f(α)-spectrum (33) with the β(q)-spectrum (7): First, we divide the
unit circle in the w-plane into segments of length ǫ. Let the number of segments that scale under
mapping z = F (w) as ǫ→ ǫα equals ǫ−ω(α). Then
ǫ−β(q) ≍
∫
|F ′ (eǫ+ıϕ) |qdϕ ≍ ∫ ǫq(α−1)ǫ−ω(α)dα
and, therefore,
β(q) = sup
α
[ω(α) − (α− 1)q]
The number of segments in the w plane that scale under the mapping z = F (w) as ǫ → ǫα
equals the number of covering boxes of size l = ǫα in the z-plane that scale under the inverse
mapping as l → l1/α. Since harmonic measure is inversely proportional to |F ′(w)|, we obtain that
l−f(1/α) = ǫ−ω(α), i.e. αf(1/α) = ω(α). Thus
β(q) = sup
α
[q − 1 + (f(α)− q)/α]
and, as a consequence
f(α) = inf
q
[q + α(β(q) + 1− q)] .
Finally, note that the only scaling exponents α for which f(α) > 0 are present in the spectrum,
because the negative f correspond to zero probability events, i.e. for f(α) < 0, l−f(α) → 0 as
l→ 0.
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